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Abstract-The axially symmetric elastostatic problem of a half space containing a partially embedded,
axially-loaded, rigid cylindrical rod is investigated. The rod is assumed to be in bonded contact with the half
space and the half space surface is perpendicular to its axis. The problem is formulated by means of Hankel
integral transforms and reduced to systems of coupled singular integral equations, where the unknown
quantities are the normal and the shear stresses acting on the entire surface of the rod. Numerical solutions
are obtained for several values of the aspect ratio, i.e. of radius to length, and for sufficiently small values
of this ratio the results appear to be comparable to those of Muki and Sternberg for an axially-loaded rod.
Comparison is also made for the percentage of the vertical resultant load carried by the base of rod with the
results obtained by Poulos and Davis for a single axially-loaded incompressible pile,

J. INTRODUCTION

The diffusion of load from a bar into a three dimensional elastic medium presents considerable
analytical difficulties and it is only recently that such problems have been solved, although the
solutions generally involved approximations of various types. Poulos and Davis [l] using
Mindlin's solution[2] as a basis, solved the pile problem in an approximate manner by
integrating vertical forces along the depth and around the circumference of a cylindrical
element. The force intensities were adjusted at discrete points to satisfy the boundary condition
of prescribed vertical displacement. In this manner the effect of the length to diameter ratio
upon the shear stress distribution and the proportion of the total load carried by the base could
be estimated. This analysis has several limitations, the major ones being the absence of
circumferential normal stresses on the cylinder wall and of shear stresses on the cylinder base
and the neglect of compatibility of radial displacement on the cylinder wall.

Muki and Sternberg [3] investigated the diffusion of an axial load from an elastic rod of
uniform cross section embedded in and bonded to an elastic half space. Their approximate
method, which was also developed from Mindlin's solution and which required the length of the
rod to be large in comparison to its diameter, led to a Fredholm integral equation. The accural;~1

of their solution was checked by applying their approximate technique to the exactly so~ved

problem of an infinite bar embedded within an infinitely extended elastic medium[4]. The
accuracy provided by this test solution gave good confidence in the accuracy of their load
transfer problem, provided that their assumptions were met.

A recent paper by Suriyamongkal et al. [5] investigated the stress distribution and load
transfer behavior of piles and caissons under vertical load by using a method analogous to that
of Harding and Sneddon[6] to develop radial and vertical ring forces acting in the interior of a
half space. Once the transforms appropriate for their solutions were developed, they then
matched the appropriate boundary conditions to solve the problem of a rigid cylindrical body
embedded within an elastic half space. It should be noted that although their results appear to
differ from those of Muki and Sternberg, the latter's results would have to be extrapolated for
the case that the rod is rigid. It is most likely that such an extrapolation might provide closer
results between the two solutions.

The present analysis investigates the diffusion of load from a cylindrical rod into an elastic
half space. The analysis, in principle, is somewhat similar to that of Poulos and Davis, except
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that Hankel integral transforms are used as a starting point and the technique of superposition
of solutions is employed to obtain the desired solution. First, a problem for a rigid, cylindrical
shell is formulated by appropriately using elastostatic solutions for a cylinder and for a
cylindrical cavity with suitable matching conditions. Next, a solution is derived for a rigid
circular plate parallel to and below the surface of an elastic half space. The superposition of the
shell and the plate solutions leads to the establishment of systems of coupled singular integral
equations in terms of unknown stress jumps over the entire surface of the cylindrical rod. The
problems are formulated within the scope of the linear theory of elasticity, and isotropy and
homogeneity of the elastic half space are assumed.

The three dimensional problems of this kind, which utilize the technique of superposition of
solutions for a cylinder and a cylindrical cavity, require special analytical treatment if a stress
free half space surface is desired. The formulation of the problem is unavoidably complicated
to a great extent and the analytical difficulties so raised will be discussed in the next section. In
similar two dimensional elasticity problems (see, e.g. Haritos and Keer[7]), the problem can
be readily formulated to lead to a system of singular integral equations, having (in addition to
the usual Cauchy kernels) kernels which are rational functions.

The numerical integration scheme described in a paper by Erdogan et al. [8] is used to obtain
numerical solution. The percentage of the vertical resultant load carried by the base of rod for
various values of aspect ratio is compared with that obtained by Poulos and Davis. The vertical
displacement of the cylindrical structures which will in turn determine the compliance of the
physical system under consideration is also calculated. Comparison of load transfer is also
made with the Muki and Sternberg solution when the rod has an embedded length that is long
compared to its radius.

2. RIGID CYLINDRICAL SHELL-PRELIMINARY PROBLEM

This portion of the analysis considers a single rigid cylindrical shell of radius c and height h
with negligible thickness, partially embedded in an elastic half space. A cylindrical coordinate
system (r, 8, z) is used with the z-axis coinciding with the axis of the shell, as shown in Fig. l.
The shell is perpendicular to the surface of half space and occupies the region r = c, O::s z ::s h.
A solution is sought for the case that the cylindrical shell is subjected to a vertical load, - T;
the surface of the half space is stress free.

The title problem will be formulated in Section 3 by considering the additional complication
of a rigid disk, attached to the lower end of the shell; the elastic material contained within the
shell end disk will move as a rigid body. For the shell porblem, elasticity solutions will be
developed for two regions: region (I), a semi-infinite cylinder of radius c, and region (2), a half
space having a cylindrical cavity of radius c. The rigid shell is common to both of these regions.
The displacement continuity and boundary conditions, expressed in terms of cylindrical
coordinates, are written as follows:

u/ =u/,
r =c, 0 ::s z < 00

u; = u/,

Fig. I. Geometry and coordinate system of the shell and the rod.

(2.1)

(2.2)
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T~r = T;r =0, (2.3)

T~z = T;z = 0,
Osr<oo, z=O

(2.4)

where U" Ur and Tzn Tm T" are displacements and stresses, assuming axial symmetry. In addition
to the continuity and boundary conditions, the shell is required to displace as a rigid body in an
axial direction, i.e.

aUz = 0
az '

aUr = 0
az '

r= c, Oszsh.

(2.5)

(2.6)

In addition, one must have an equation that gives the total load (overall equilibrium) and one
that fixes the radial displacement; the two equations are to be used later as subsidiary
conditions for the developed singular integral equations.

It is natural to express the displacements and stresses in terms of Hankel integral transforms
for the two regions. The form of their representation is chosen to conveniently obtain a
reduction to singular integral equations.

Region (1): (0 s r s c, 0 s z < (0)

211-u/ = L"" A(~)(1-2v+ ~z) e-fzJMr) d~ - L"" ~[BM)rIMr)- BM)IO<~r)] cos (~z) d~

(2.7)

211-u/ = - L"" A(~)(2 - 2v - ~z) e -ezJMr) d~

+L"" {BM)[4(1- v)IMr) - ~rIO<~r)] +~BM)IMr)} sin (~z) d~ (2.8)

T~z = - L'" ezAWe-fzJO<~r) d~+L"" ~{BM)[2vlo(~r) +~rIMr)] - ~BM)fo(~r)} sin (~z) d~
(2.9)

T~r = L'" ~A(~) e-f
Z(1- ~z)JMr)d~+L"" ~{BM)[2(1- v)IMr) - ~rfo(~r)]

+~BM)IMr)} cos (~z) d~ (2.10)

T~ = fo'" ~A(~) e-ez[( - 2+~z)JMr) +(2 - 2v- ~z/li~r)]d~

+L"" ~{BM>[(3- 2v)IO<~r)- (4-4v+ ~2r/li~)]+~BM>[Io<~r)- Ili~r)]} sin (~z) d~.
(2.11)

Region (2): (c s r < 00, 0 S Z < (0)

uz
2 = L"" AW(1- 2v +~z) e-ezlrIJr) d~ - L"" ~[CM)rKMr) - CM)KO<~r)] cos (~z) d~

(2.12)

Ur
2 = - f' AW(2 - 2v- ~z) e-ezJMr) d~

+L'" {C1W[4(I- v)KMr) +~rKO<~r)] - ~:M)KMr)} sin (~z) d~ (2.13)

T;z = - L'" ezA(~) e-ezJrJ.~r) d~+L'" ~{CM)[ - 2vKrJ.~r) + ~rKMr)] - ~M)KrJ.~r)} sin Uz) d~
(2.14)



808 v. K. LUK and L. M. KEER

T;r = iOO {AWe-tz(1- {z)lt<{r) d{ + iOO {{Ct<{)[2(1- v)Kt<{r) +{rKcMr)]

- {CM)Kt<{r)} cos ({z) d{ (2.15)

T;"= iOO {A({)e-tZ[(-2+{Z)10({r)+(2-2v-{Z/I~~r)]d{+ iOO {{ -Ct<{)[(3-2v)Ko({r)

+ (4-4v+ er2) K~;r)] +{CM>[ Ko<{r) +K~;r)]} sin ({z)d{ (2.16)

where 10, h /0, h Ko, and K. represent the usual Bessel functions, and v, p. are Poisson's ratio
and shear modulus, respectively. It is clear from the form of eqns (2.7H2.16) that A({) is an
integral transform appropriate to half space region while EM) and CM), i = 1,2 are integral
transforms appropriate to cylinder and cylindrical cavity regions, respectively.

It can be seen that eqn (2.4) requiring zero normal stress on the surface of the half space is
automatically satisfied in both regions. With the aid of the displacement continuity conditions in
eqns (2.1) and (2.2), T~r and T~ can be expressed in terms of A({), Ct<{) and CM) as follows:

T~r= iOO {A({)e-tz(1-{z)lMc)d{- iOO I1f{) [Ct<{)a({) +{CM)/3W] cos ({z)d{,

r = c, 0 :5 Z < 00 (2.17)

T~= iOO {A({)e-tZ[(-2+{Z)lo({C)+(2-2v-{z/I~~C)]d{

+ iOO I1f{) [Ct<{hW +{CM)l)({)] sin ({z) d{, r = c, 0:5 Z < 00 (2.18)

where

(2.22)

I1W =4(1- V)/O/I - {C(/02 - /1
2
) (2.19)

a({) = ec2(/02 - /12)Ko+ 2(1- v)[{C(/02- /1 2)K1+{c(/oKI - /1 Ko)/o - 4(1- v)/o/IKd
(2.20)

(2.21)/3W = - {C(/02 - /1
2)K1+2(1- v)/IUoKJ - /IKo)

y({) = ec2(/02 - /1
2)KJ +{C(/02 - /.2)Ko+2(1- v){cIo(/oKo- /IK 1)

2 16(1- V)2
+4(1-v)[(3-2v)/oKI-/I(/oKo+/]K1)]- {c /0/IK1

and

(2.24)

It is convenient to introduce the following definition of the jumps in stresses across the shell
surface:

(2.25)

Through the application of Fourier sine and cosine transforms, it can be shown that

roo 1 rh roo
T~r =Jo {A({) e-tZ(1- {z)lt<{r) d{ +1T(1- v) J

o
</>(S) ds J

o
{c{{rfo({r)Ko

+ /t<{r)[2(1- v)Ko- {cKd} cos ({Z) cos ({S) d{
1 rh roo

+ 1T(1- v»o "'(s) ds Jo {c{ - {r/o({r)K 1+ /t<{r)[2(1- v)K1+ {cKoU cos ({z) sin ({s) d{

(2.26)
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The boundary conditions described in eqn (2.3) require that the shear stress be zero at the
surface of the half space, Z = O. This task is difficult, in general, because of the different
expressions of shear stress given by eqns (2.26) and (2.27). For this reason it is convenient to
give AW the following definition:

where it is noted that, e.g.

The foregoing equation appears in different forms in regions (1) and (2) because of the domains
of definition of '17('7') and A('7') introduced in eqn (2.28), i.e.

(2.30)

(2.31)

It is convenient to introduce an additional solution with zero surface normal stress and with the
surface shear stress equal to the negative of the second terms in eqns (2.30) and (2.31), i.e.

(2.32)

Thus an additional displacement field must be incorporated to obtain the desired solution, i.e.

2p,uZ
4 = fo"" AWn (K -1) +~Z ] e-EzJo<.~r) d~, O:S r < 00, O:s Z < 00 (2.33)

2p,ur
4 = - fo"" AWn (K +1) - ~Z ] e-EzJMr) d~, O:s r < 00, O:s Z < 00 (2.34)

where

K = 3-4v

AW = l cf"" U2J«~U)'7'~~:'1( '7') d'7' du +f""l c
JI?~)'7'3':~\'7') d'7' duo

o C '7' -u C 0 U-'7'

(2.35)

(2.36)

With this addition, eqns (2.26) and (2.27) can be evaluated on Z = 0 in the form of Abel's integral
equation, which can be solved for ,.,('7') and A('7') as follows:

(2.37)



810

where

V. K. LUK and L. M. KEER

SI(5,r)= 10"" ~([G(K-1)-er2)Ko-{CKI]sinh({r)

- {Tn (K -1)Ko- {CK I] cosh ({T)} cos ({s) d{ (2.39)

Sb, r) = L"" ~ {[G(K +3) +e r2)KI+ {CKo] sinh ({r) - {T G(K +3)K,

+ {CKo] cosh ({T)} sin ({s) d{ (2.40)

S3(s,r)= L""n(K+I)Io-{rIo+{c/I]e-~cOs({S)d{ (2.41)

Sb, r) = L"" [ - ~ (K + 1)11 - {TIl +{c/o] e-~ sin ({s) d{. (2.42)

The additional complexity in adding the displacement field, ya, is offset by the convenience of
expressing l1(r) and '\(r) as in eqns (2.37) and (2.38).

The displacements along the cylindrical shell surface, r = c, after some manipulations can be
expressed in the following form (note that y I = y2):

2j.LUz = ~If l1(r)dr L"" e/2 G(K -1)+{Z] e-~zJo({c)J3/Mr)d{

+ ~Ii"" '\(r)dr L"" {1/2n(K-1)+{z]e-~zJo({C)Jd{T)d{
4 (h (""

+ 1T(K~1)JO 4>(s)ds Jo [(K+1)IoKo-{c(loKI-I,Ko)]cos({z)cos({s)d{

4 fh f""+ 1T(K:1) 0 I/I(s)ds 0 {c(loKo-IIKI)cos({z)sin({s)d{

+10"" AWG (K -1) +{z] e-~ZJo({c) d{, r = c, 0~ z ~ h (2.43)

2j.Lu, = - ~If l1(r) dr L"" e12G(K + 1)- {z] e-~zJMc)J3/2({T)d{

-~I Ie"" '\(r) dr L"" {1/2G(K + I) - {z] e-~ZJMc)JI/Mr) d{

4 fh (""
+ 1T(K~ I) 0 4>(s) ds Jo {c(loKo- IIKl) sin ({z) cos ({s) d{

+ 1T(:: I) f I/I(s) ds L"" [(K + I)IlK1- {c(loK1- ItKo)] sin ({z) sin ({s) d{

- L"" AWn(K+I)-{z]e-~zJMC)d{, r=c, O~z~h. (2.44)

The rigidity of the cylindrical shell is assured by equating to zero the tangential derivatives
of the displacements along the shell, r = c, 0 ~ z ~ h, as described in eqns (2.5) and (2.6). By so
doing, the tangential derivatives of vertical and radial displacements are calculated as given
next (the superscript S will be used to refer to the shell solution):

au S Kfh (I I)(K+l)1Tj.L_z =- 4>(s) ----- ds
az 2 0 s - z s + z

+2c f 4>(S){f SI(S, r)[Fl(z, r) + GI(z, r)] dr
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+f" S3(S, 1')[F2(z, T) +02(Z, 1')] d1'+ M,(s, Z)} ds

+ 2c L
h

l/J(S){L
C

S2(S, 1')[FI(z, 1') +O.(Z, T)] dT

+ LX> S4(S, 1')[F2(z, 1') +02(Z, T)] dT +M2(s, z) } ds, r = c, O:s; Z :s; h

(2.45)

(K + l)1T1L au,5 = ~2 rh

l/J(s) (_1_ +_1_) ds
h 1 s-z s+z

+ 2c L
h

f/J(S){L
C

S,(s, 1')[F3(z, 1') +03(Z, T)] d1'

+{'" S3(S, T)[F4(z, 1') +Oiz, 1')] dT +M3(s, z) } ds

+2c L
h

l/J(S){L
C

S2(S, T)[F3(z, T) +03(Z, T)] d1'

+{'" Sis, T)[F4(z, T) +04(Z, T)] d1' +M4(s, Z)} ds, r = c, O:s; z:s; h

(2.46)

where

Mb, z) = - L'" {g[(K + I)IoK o- gc(loKI - IIKo)] - 2
K
c} sin (gz) cos (gs) dg (2.47)

M2(s, z) =- L'" ec(loKo- IIKI) sin (gz) sin (gs) dg (2.48)

M3(s, z) =10'" ec(loKo- IIKI) cos (gz) cos (gs) dg (2.49)

Mis, z) =L'" {g[(K + l)I,KI - gc(loK, - IIKo)] - 2:} cos (gz) sin (gs) dg (2.50)

F,(Z,T)= ~~T-"210'" e12G(K-3)-gz]e-fZJo(gC)J3/2(~)d~ (2.51)

F2(z,T)= ~IT1I210'" g3l2G(K-3)-gz]e-fZJo(gC)JI/2(gT)dg (2.52)

F3(z, T) = ~~ T- 1I2 L'" g3l2G (K +3) - ~z ] e-fzJ,(gC)J3I2(gT) dg (2.53)

Fiz, T) = ~I 1'1/2 L'"e12G(K +3) - gz] e-fzJI(~C)JII2(~) dg (2.54)

G ( 2 f'" UI(u, z)
I Z, T) =- T (2 2)3/2 du (2.55)1T C U -T

IC U2UI(U, z)
02(Z, T) = (2 2)3/2 du (2.56)

o T - U

o ( 2 f'" U2(u, z) (2.57)3 z, T) =- T (2 2)3/2du1T C U-T

IC u2U2(u, z)
(2.58)04(Z, T) = (2 i)j/idu.o T - U

Here

U,(u, z) =- L"" gG (K - 3) +gzJ e -lzJo(gc)J,(gu) dg (2.59)
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(2.60)

Thus, eqns (2.45) and (2.46), when used with eqns (2.5) and (2.6), provide the desired system of
singular integral equations.

In order for eqns (2.45) and (2.46) to be suitable for numerical integration, the semi-infinite
integrals, Sit Mi, Fi, OJ (i =I, ... ,4) and Ui (i = 1,2), contained in their kernels should be
evaluated in closed form. The evaluation is indeed done for all of the integrals with the help of
eqns (A5)-(A49) in the Appendix, except for the integrals Oi which have to be evaluated
numerically.

The tangential derivatives of displacements along the plane 0 :5 r:5 c, z = h, are also derived
here. They will be used in the cylindrical rod problem in the next section.

(K + l)'7TJL a:;s = 2cf 4>(S){f St(s, 7")[R.(r, 7") + T.(r, 7")] d7" +i'" S3(S, 7")[R2(r, 7") +T2(r, 7")] d7"

+N\(s, r)} ds +2c f r/J(s) {f S2(S, 7")[Rt(r, 7") + T.(r, 7")] d7"

+i'" Sb, 7")[R2(r, 7") + T2(r, 7")] d7" +N2(s, r) } ds, 0:5 r:5 c, z =h (2.61)

a(ru s) rh
{ rc

(K + l)'7TJL a;-= 2cr Jo 4>(s) Jo S.(s, 7")[R3(r, 7") +T3(r, 7")] d7"

+i'" SM, 7")[R4(r, 7") +T4(r, 7")] d7" +N3(s, r)} ds

+2crf r/J(S){f S2(S, 7")[R3(r, 7") + T3(r, 7")] d7"

+ Ie'" S4(S, 7")[Rir, 7") + T4(r, 7")] d7" +N4(s, r)} ds, 0:5 r:5 c, Z = h

(2.62)

where

N.(s, r) = fa'" g{[(K +1)Ko- gcKtl/Mr) +grKolo(gr)} cos W) cos (gh) dg

N2(s, r) =r ~[gcKo/Mr) - ~rK.Io(gr)] sin (~s) cos (~h) d~

N3(s, r) = fa'" g[(2Ko- gcK1)/o(gr) +grKo/Mr)] cos (gs) sin (gh) dg

N4(s, r) = fa'" g{[(K - I)K. +gcKo]Io(gr) - grK./Mr)} sin (gs) sin (gh) dg

R\(r, 7") =- ~~ 7- 1/2 fa'" g3/2G (K - I) +~h ] e-ellJMr)J3/2(~7) d~

R2(r, 7") = - ~I 7"1/2 fa'" ~3/2G (K -I) +~h ] e-fhJMr)Jtd~) d~

R3(r, 7") = - ~~7"-\/2 fa'" ~3/2G(K + l)-gh ] e-fhJO<~r)J3/2(~)dg

R4(r, 'T) = - ~I 7"1/2 fa'" ~3/2G (K + I) - ~h ] e-fh Jo<~r)J\12(~7) dg

2 f'" U3(u, r)
T1(r, 7") = - 7" (2 2)372 du

'7T e U-7"

fc
c U2U(U r)

T2(r, 7") = (2 3 2)312 du
o 7 - U

(2.63)

(2.64)

(2.65)

(2.66)

(2.67)

(2.68)

(2.69)

(2.70)

(2.71)

(2.72)
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U3(U, r) = - 10
00

gG (I( - 1) +gh ] e -EhJ.(gr)J.(gu) dg

U4(u, r) = - 10
00

gG (I( + 1) - gh ] e-EhJo(gr)J.(gu) dg.

813

(2.73)

(2.74)

(2.75)

(2.76)

Similarly, semi-infinite integrals, Nil RI, and U/ (i = 1, ... ,4) can be evaluated in closed form
with the aid of eqns (A19)-(A49) in the Appendix. Integrals TI (i = I, ... ,4) cannot be treated
analytically and so have to be evaluated numerically.

Unknown functions, 4>(s) and "'(s), can be determined from the solution of eqns (2.45) and
(2.46) provided that the following subsidiary conditions are used:

21TC f 4>(s) ds =- T

ur(r = C, Z = h/2) = O.

(2.77)

(2.78)

Equation (2.77) states that the resultant vertical load acting along the shell should equal - T, and
eqn (2.78) ensures that the radial displacement of the shell is zero.

The order of singularity at the lower end of the shell is well known, but the singular
behavior at the upper end must be obtained from the governing generalized singular integral
equation by isolating the contributing parts from the entire equation.

If 4>(s) and "'(s) are assumed to be the products of regular and singular parts in the
following form:

4>(s) = ~(s)s"l2-1

"'(s) = ,fr(S)S"l2-1

(2.79)

(2.80)

where 0< T/2 < I, then, by taking asymptotic expansion of integrands when g-+ 00 and evaluating
integrals after appropriate change of the orders of integration involved with the aid of eqns
(A50HA54) in the Appendix, the correct upper end singular behavior can be obtained in the
limiting case when z -+ 0+ and r -+ c:

~(O) 1TZ "12-
1CSCT/21T[2K cos T/21T +(K 2+ 1) - 4T/l] = 0

,fr(0) 1TZ"I2-1CSCT/21T[21( cos T/21T +(1(2 + 1) - 4T/l] = O.

(2.81)

(2.82)

It is obvious that both eqns (2.81) and (2.82) contain an identical eigenvalue equation. Equation
(2.81) can be written after some rearrangement as follows:

(2.83)

Equation (2.83) is in agreement with the eigenvalue equation determined by Williams [9] for a
right-angle corner of an elastic plate in extension and therefore tends to confirm the present
analysis.

When the value of IJ = 0.3 is used for Poisson's ratio, T/2 is found equal to 0.71117.

55 Vol. IS. No. IO-E
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The stress distribution along the cylindrical shell can be characterized by the load-transfer
factor, P(z), which is defined as:

P(z) = 21TC f 4>(s) ds, O:s z :s h. (2.84)

3. RIGID ROD

The analysis herein considers a single rigid rod, partially embedded within the elastic half
space. The same configuration as shown in Fig. 1 will be used. The rod is subjected to a
resultant load, - T, directed along its axis. The rod is viewed as a cylindrical shell with its lower
end closed by a rigid disk. A portion of the load will be carried by the base as well as the side of
the rod. The surface of half space is stress free, and hence the following boundary conditions
must be satisfied:

Tzz = 0,
Tzr = 0,

O:s r < 00, Z =o. (3.1)

(3.2)

The surface of rod which is in bonded contact with the half space is required to be rigid.
Therefore, the tangential derivatives of both vertical and radial displacements are set equal to zero
over the rod's surface, Le.

auz = 0 r= c, O:sz:sh (3.3)
az '

au, = 0 r =c, O:sz:sh (3.4)
az '

auz =0 O:s r:S c, z=h (3.5)
ar '

a(ru,) = 0 o:s r :s c, z= h. (3.6)
ar '

The problems is formulated by the superposition of two solutions: (i) a shell solution
developed in Section 2, and (ii) a plate solution to be given next. The plate solution is that for a
rigid circular disk, z = h, O:s r :s c, at the lower end of the shell. The function of the plate
solution is to cause the material within the region, O:s z :s h, O:s r:S c, to move as a rigid body.

Plate solution
An infinite horizontal thin plate at a distance, h, below the half space surface subdivides it

into two regions: region (L) which is a layer of uniform thickness, h, directly below the surface
of half space, and region (H) which occupies the remaining portion of the half space. The
displacement continuity conditions prescribed on the plate surface can be expressed as follows:

u/ = uz
H

,

u,L = U,H,
O:s r < 00, Z = h. (3.7)

(3.8)

The displacements and stresses for regions (L) and (H) are expressed in terms of Hankel
integral transforms for both regions.

Region (L): (O:s r < 00, O:s z :s h)

2/l-uz
L = LX {DM) cosh g(z - h) + DM) sinh g(z - h)

+EM)Wz - h) sinh g(z - h) - (3 - 4v) cosh g(z - h)]
+EM)Wz - h) cosh g(z - h) - (3 - 4v) sinh g(z - h)]}Jo(gr) dg

2/l-u/- = - Loo

{DM) sinh g(z - h) + DM) cosh g(z - h)

+g(z - h) . [EM) cosh g(z - h) + EM) sinh g(z - h)]}JMr) dg

(3.9)

(3.10)
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T~ = 10'" ~{DM) sinh ~(z - h) .,- .oM) cosh ~(z - h)

+ EM) . [~(z - h) cosh ~(z - h) - 2(1- v) sinh ~(z - h»)
+ EM)[g(z - h) sinh ~(z - h) - 2(1- v) cosh ~(z - h)]}fo(~r) d~ (3.11)

T; = - 10'" ~{DM) cosh ~(z - h) + DM) sinh ~(z - h)

+ EM) . [~(z - h) sinh ~(z - h) - (1- 2v) cosh ~(z - h»)

+ EM)[g(z - h) cosh ~(z - h) - (1- 2v) sinh ~(z - h)]}JMr) df (3.12)

Region (H): (0 =5 r < 00, h =5 Z < 00)

2ILUzH = 10'" {-HM)+[(3-4v)+~(z-h»)HM)}e-«z-h)Jo(~r)d~ (3.13)

2ILUr
H = fo'" [- HM)+ ~(z - h)HM») e-f(Z-h)JMr) d~ (3.14)

T~ = 10'" ~{HM) - [2(1- v) +~(z - h)]HM)} e -f(Z-h)Jo(~r) d~ (3.15)

T:"= fo'" ~{HM)-[(1-2v)+~(z-h»)HM)}e-f(Z-h)JMr)d~. (3.16)

After satisfying the boundary conditions in eqns (3.1) and (3.2) and the displacement
continuity conditions in eqns (3.7) and (3.8), the stresses, T:" and T~, can be expressed in terms
of EM) and EM) in the following way:

T:" = L10'" ~{EM)[K(K -1)+2(K + I)~h _e 2fh + K e-2fh ]

+ EM)[K(K + 1) - 2(K -I)~h + e2fh + K e-2fh]}JMr) d~, 0 =5 r < 00, Z = h (3.17)

1 ('"
T~ = 4K 10 ~{EM)[K(K + I) + 2(K - 1)~h + e2fh + K e -2fh )

+ EM)[K(K - 1) - 2(K + 1)~h - e2fh + K e-2fh]}Jo(~r) d~, 0 =5 r < 00, Z = h. (3.18)

If the jumps in stresses, x(r) and w(r), across the plate surface are defined in the following
manner:

x(r) = T;- T:",
w(r) = T~ - T~,

0=5 r =5 c, z = h (3.19)

then through the application of Hankel transforms, the displacements in the layer region (L)
can be expressed in terms of x(r) and w(r) as follows:

21Lu/ = K: 1r tw(t) dt L'" {[K + ~(h - z») e-f(h-z)+ [~(K2+ I) + K~(h + z)

+2ehZJ e-f(h+z)}JoWMUr) d~ +K: 1rtX(t) dt fo'" {~(h - z) e-f(h-z)

+ [ - ~ (K2-1) + K~(h - z) + 2ehZJ e-f(h+z)}JMt)Jo<~r)d~, 0 =5 r =5 C, 0 =5 Z =5 h

(3.20)

21Lu/ = _1_ (C tw(t) dt100

{ - ~(h - z) e-f(h-z)
K + 110 0-n(K2- 1) + K~(h - z) - 2~2hz ] e-f(h+z)}JO<~t)JMr) d~

+_1_ (C tX(t) dt Loo

{[K _ ~(h - z)] e-f(h-z)
K +tlo 0
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(3.21)

The tangential derivatives of vertical and radial displacements along the cylindrical surface
of the rod due to the plate solution are found to have the following expressions (the superscript
P will be used to refer to the plate solution):

(K + 1)7TJL au/ = 7!..lc tw(t) dtl'"~{[(K - I) + ~(h - z)] e -f(h-z)
az 2 0 0-n(K - If + K~(h +z) - 2~h(1- ~z) ] e-f(h+z)}JMt)JMc) d~

+I f tx(t) dt fo'" ~{[ -I +~(h - z)] e-f(h-z)

+G(K 2- 2K -1) - K~(h - z) +Uh(1- ~z)] e-f(h+z)}JMt)Jo(~C)d~, r = c.

Os z s h (3.22)

(K + I)7TJL a;;p = If tw(t) dt L'" d[l- ~(h - z)] e-f(h-z)

+G(K2+2K -1) + K~(h - z) +2~h(1- ~z) ] e-f(h+Z) }JoW)JMC) d~

+I f tx(t) dt L'" ~{[(K + 1) - ~(h - z)] e -f(h-z)

- n(K + 1)2- K~(h +z) - 2~h(l- ~z)] e-f(h+Z)}JMt)JMC)d~. r= C.

Os z s h (3.23)

au P I rc (I I)
(K + 1)7TJL a; = 2" KJ

o
w(t) t _ r - t +r gtU. r) dt

-7T f tw(t)dt fo'" ~[~(K2+1)+K~h+eh2Je-2fhJoW)JMr)d~

-7Tf tx(t)dt L'" ~[-~(K2_1)+eh2]e-2fhJMt)JMr)d~. Osrsc. z=h

(3.24)

(K + 1)7TJL a(~u/) == ~ Kr f x(t)C ~ r + t ~ r) g2(t, r) dt

+7Trf tw(t)dt fo'" ~[-~(K2_1)+~2h2]e-2fhJoW)Jo(~r)d~

+7Trf tx(t)dt fo'" ~[~(K2+1)-K~h+~2h2]e-2fhJMt)Jo(~r)d~, Osrsc.

z = h (3.25)

where

~E(~), t<r

t>r

t<r

t>r

(3.26)

(3.27)
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Here K and E are complete elliptic integrals of the first and the second kind, respectively
(Oberhettinger[lO]). The kernels in eqns (3.22H3.25) are semi-infinite integrals which can be
evaluated in closed form to facilitate numerical programming with the help of eqns (A37HA49)
in the Appendix.

The desired solution of the rod can be obtained when the shell solution in Section 2 is
linearly superimposed with the plate solution. When eqns (2.45), (2.46), (2.61) and (2.62) for the
shell solution and eqns (3.22H3.25) for the plate solution are superimposed appropriately after
satisfying eqns (3.3H3.6) to ensure the rigidity of the rod surface, a system of four coupled
singular integral equations is obtained as given next:

s p
auz = auz + auz =0 r = c, 0:5 Z :5 h
az az az '

SaP
aUr = aUr +...!!!..- =0, r = c, 0:5 Z :5 h
az az az

saP
auz = auz +...!!E...- =0, 0:5 r:5 C, z =h
ar ar ar

a(rur)= a(ru/) +a(ru/) = 0, 0 h:5 r:5 C, z = .
ar ar ar

(3.28)

(3.29)

(3.30)

(3.31)

The unknown functions in the form of stress jumps, <p(z), I/I(z), X(r) and w(r), can be
determined from the solution of this system of equations provided that the following subsidiary
conditions are used:

21TCr<p(s) ds +21T f tw(t) dt = - T

uz(r = c, z =~ h) - uz(r =0, z = h) =0

ur(r=c,z=h)=O

X(O) = O.

(3.32)

(3.33)

(3.34)

(3.35)

In eqn (3.32), the first term designates the total load, P., acting on the side of rod while the
second term is for the total load, Pb, acting on the base of rod. Therefore eqn (3.32) is a
statement of overall equilibrium by requiring the resultant vertical load acting on the rod equal
to - T, or equivalently,

p.+Pb = -T. (3.36)

Equation (3.33) ensures that the side and the base of rod will undergo vertical displacement as a
rigid body. Zero radial displacement is a mechanical constraint imposed on the rod by eqn
(3.34). Equation (3.35) is necessary for the purpose of the numerical solution technique used,
and its involvement will be explained later in the next section.

The plate solution does not contribute to the singular behavior when investigating the upper
end of the rod, and therefore the upper end of the rod has the same singular behavior as that of
the cylindrical shell. The singular behavior at the lower end of rod can be derived from the
governing generalized singular integral equations by following similar analytical evaluation
procedures.

If the stress jumps are assumed to be in the following form of the products of regular and
singular parts:

<p(s) = cf,(s)(h - S),,·-I

I/I(s) = ~(s)(h - S),,·-I

X(t) = X(t)(c - t)".-I

w(t) = w(t)(c - t)"I-1

(3.37)

(3.38)

(3.39)

(3.40)
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where 0 < 7/1 < I, then the system of four coupled singular integral equations will yield the
following four equations for the corners after evaluating the involved integrals in the limiting
case when z -+ hand r-+ c:

K cos 7/11Tcb(h) + (K - 7/1) cos ~ 7/11TW(C) + 7/1 sin ~ 7/11T,;i(C) = 0

A I A I
K cos 7/11Tr/J(h) + 7/1 sin 27/11TW(C) +(K +7/1) cos 27/11T,;i(C) = 0

I A I A

(K + 7/1) cos 27/11Tcf>(h) + 7/1 sin 27/11Tr/J(h) +K cos 7/11TW(C) = 0

I A I A

7/1 sin 27/11Tcf>(h) +(K - 7/1) cos 27/11Tr/J(h) +K cos 7/11T,i(C) = O.

(3.41)

(3.42)

(3.43)

(3.44)

The above equations for the corners can be shown to lead to the following eigenvalue
equation:

(3.45)

The correct lower end singular behavior can be obtained when 7/1 is determined from

(3.46)

There are two roots of 7/1 which can be obtained from the foregoing equation. The one which
will yield stronger singularity at the lower end is chosen for numerical computation. In so doing,
7/1 is found equal to 0.59516 for v = OJ.

Equation (3.46) has the identical form as the eigenvalue equation established by Williams [9]
for a right-angle corner of an elastic plate in extension and hence tends to confirm the present
analysis.

The load diffusion through the rod can be characterized by the load-transfer factor, P(z),
which is defined as:

P(z) = Pb+21TCf cf>(s) ds, 0:5 z:5 h. (3.47)

4. NUMERICAL ANALYSIS AND DISCUSSION OF RESULTS

In order to facilitate numerical integration, the system of coupled singular integral equations
is normalized and appropriate singularities are given to the stress jumps at the end points. This
is done by introducing the following changes of variables and definitions:

'Y = clh (4.1)

I I
(4.2a,b)s = 2h(l + so); z = 2h(l + Zo)

t = cto; r = cro (4Ja,b)

'T = C'To; ~ = ~oIh (4.4a,b)

and

(4.5)

(4.6)
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It is noted that there are only two unknown stress jumps, q,(s) and I/I(s), in the cylindrical shell
problem where 1/1 is equal to 0.5.

The numerical solution technique is based on the Gauss-Jacobi integration scheme des
cribed by Erdogan et al. [8]. This scheme is applicable to the rod problem after an extension of
the definition of the stress jumps, X(t) and w(t), into the negative domain has been adapted. A
similar technique of this kind has been used by Gupta and Erdogan[I1]. A review on the
definition of stress jumps in eqn (3.19) suggests that w(t) should be even cotinuation and X(t)
ought to be odd continuation. This brings about the restriction on X(t) described in eqn (3.35) as
a subsidiary condition to be satisfied for the numerical solution of the system of coupled
singular integral equations.

Gauss-Jacobi scheme provides integration points, Si and tjo and collocation points, Zj and Tj,

defined as the roots of Jacobi-polynomials as follows:

(4.9)

(4.10)

The corresponding weights can also be obtained from the Gauss-Jacobi integration formula.
It is noted that the numerical scheme adapted in this paper works accurately for the shell

problem, but for the rod problem it fails to properly treat the singular behavior at its lower end,
and thus possible inaccuracy of the end-point values for stresses may result. Nonetheless, the
accuracy of the global mechanical behavior of the rod which is of interest in this paper should
not suffer excessively from this drawback. The accuracy of the numerical solution will be
discussed at length later in this section.

For the cylindrical shell problem, a set of 2n x 2n simultaneous algebraic equations in 2n
unknowns, <I>(Sj) and 'I'(Sj), is required in order to obtain numerical solutions. The system of
two coupled singular integral equations provides 2n - 2 equations, while the remaining two
equations must be supplied by the two subsidiary conditions described in eqns (2.77) and (2.78).

Similarly, a set of 4n x 4n simultaneous algebraic equations in 4n unknowns, <I>(Sj), 'I'(Sj),
{}(tj) and X(tj), is required in order to obtain numerical solutions for the rod problem. The
system of four coupled singular integral equations provides 4n - 4 equations, and the four
subsidiary conditions described in eqns (3.32H3.35) supply the other four equations.

The convergence of the integration scheme used for the cylindrical shell problem is
measured in terms of the total lateral load, Q.. transmitted along the shell. By definition, Q. is
given by

(4.11)

The total vertical load carried by the side of rod, p.. is used as a measure of the
convergence of the integration scheme used for the rod problem. By definition, p. is given by

(4.12)

The behavior of the convergence of the collocation scheme for various values of 'Y is shown
in Table 1 for the shell problem and in Table 2 for the rod problem. It can be seen that in both
tables the rate of convergence slows down rapidly with decreasing values of 'Y, i.e. as the shell
and the rod become more slender.

The distributions of shear stresses along the side of shell and rod are shown in Figs. 2 and 3,
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Table I. Convergence of the algorithm for the cylindrical shell using different aspect
ratios, 'Y =' c/h. The reported values represent Q,/ T

Number of 'Y
integration

points 2.0 1.0 0.5 0.2

8 -0.36592
16 - 0.36463 -0.60329
24 - 0.59873
32 - 1.07908
40 - 1.07263 - 2.92588
48 - 2.90221

Table 2. Convergence of the algorithm for the cylindrical rod using different aspect
ratios, 'Y =cth. The reported values represent Pst T

Number of 'Y
integration

points 2.0 1.0 0.5

8 0.31182
16 0.30857 0.50713
24 0.50376
32 0.63806
40 0.63128
50
60

0.2

0.73814
0.72986
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Fig. 2. Distribution of shear stresses along the side of the shell.

Fig. 3. Distribution of shear stresses along the side of the rod.
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Fig. 5. Variation of the base load of the rod with its aspect ratio; dashed curves are the results from Poulos
and Davis!ll.

respectively. There is a local concentration of shear stress built up around both upper and lower
ends of shell and rod. A comparison with the shear stress distributions obtained by Poulos and
Davis [I] will show that the distributions presented in Figs. 2 and 3 are considerably smoother.
The reason for this appearance may be the inclusion of normal stress along the side of shell and
rod and shear stress on the base of rod, which are not included in their analysis. Figure 4 shows
the distribution of normal stresses on the base of rod. There is also a local concentration of
normal stress around the edge of rod.

The percentage of vertical load carried by the base of rod is plotted in Fig. 5 vs the aspect
ratio. A comparison is made in the same figure with the results derived by Poulos and Davis[l].
Both results seem to follow the same trend of variation, even though their magnitudes are not
particularly close. Such a discrepancy is within expectation because of the approximate method
and assumptions employed by Poulos and Davis to obtain their results.

The vertical displacements for the shell and the rod on the surface of half space, Z = 0, are
shown in Figs. 6 and 7, respectively. It can be seen that the maximum displacement within the
shell, lu,(O, 0) - u,(c, 0)1, is tending to become smaller with respect to a point two diameters
away as 'Y becomes smaller. This suggests that for 'Y S 0.2 the shell solution might give a good
approximation to a rigid rod. Under the same loading conditions, the shell is displaced more
than the rod. This implies that the rod is mechanically sillier than the shell. The elastic material
at any point on the top surface of the rod has almost the same vertical displacement as at its
rim; hence the elastic material within the rod undergoes a rigid body displacement when the
superposition of solutions is taken into account.t This result can be looked upon as a check for
the global accuracy of the numerical solutions, provided clh is sufficiently small.

The load diffusion characteristics of the shell and the rod are determined by eqns (2.84) and

tSince the material "interior" to the rod undergoes a rigid body displacement, the "stress jumps" are, in reality the
actual stresses on the rod's surface.
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Fig. 6. Vertical displacements of the shell on the surface of half space.

Fig. 7. Vertical displacements of the rod on the surface of half space.

(3.47), respectively. The load-transfer curves for both the shell and the rod are plotted in Fig. 8
for various values of 'Y. The portion of the resultant load carried by the base of rod decreases as
the rod becomes more slender so that the load-transfer curves for rod fall lower with decreasing
value of 'Y. The reverse trend happens with the load-transfer curves for the shell. The two sets
of curves are therefore approaching each other as the length increases with respect to the
radius. One expects that when the aspect ratio is sufficiently small, the difference between the
shell and the rod solutions becomes negligible.

For rather slender shells and rods the present results should compare with those of Muki
and Sternberg[3]. In Fig. 9, the present load-transfer curves for 'Y = 0.2 are compared with their
result for 'Y = 0.2 and J) = 0.25. Their curve shown in Fig. 9 is obtained by using the technique
of polynomial least squares curve fit to extrapolate the results of Ref. [3] for the case 8~ 00,

which corresponds to a rigid rod. The method of extrapolation is indicated in Fig. 10. It can be
seen from Fig. 9 that their curve falls mostly between the curves for the shell and the rod.
Coincidentally, the extrapolated curve of Muki and Sternberg has almost the same percentage
of resultant load carried by the base of rigid rod as that in this analysis; however, this
agreement should not be considered to hint anything more than what is shown in Fig. 9, since
there is a considerable amount of uncertainty involved in obtaining the extrapolated curve; a
fully quantitative consideration of the position of the load-transfer curves obtained from the
present analysis relative to the extrapolated curve might be misleading. One should bear this in
mind especially when considering the comparison of solutions given by Multi and Sternberg in
Ref.[4] where it shows that their exact solution tends to fall below the solution obtained by
their approximate scheme.

It should be noted that for the rod problem the solution technique may not yield the correct
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Fig. 8. Load-transfer characteristics of the shell and the rod; dashed curves are for the shell and solid
curves are for the rod.

Fig. 9. Comparison of load-transfer curves for 'Y = 0.2; solid curve is for the rod, large dashed curve is for
the shell, and small dashed curve is for the extrapolated results from Muki and Sternberg for 11=0.25.
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rod.

end-point values for the stresses using the collocation scheme given in this paper, as suggested
by Theocaris and Ioakimidis[l2], and points very close to the end (c, h) are probably in error.
There are two reasons accounting for this fact: (1) the collocation scheme of Gupta and
Erdogan[ll] does not necessarily give good accuracy at the end-points for generalized singular
integral equations, and (2) the occurrence of two negative roots at the lower end may not be
properly taken care of by the present scheme. Nevertheless, the global mechanical behavior of
the shell and the rod should be given to within the accuracy demonstrated by the degree of
convergence shown in Tables 1 and 2.
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APPENDIX
The following notations are used in integral identities in eqns (A5)-{A28):

Pvc = c2+v2- t2

Qve = (P;e +4v2t2)112

Mve = (Qve - pve )1f2

Nve = (Qve +pve )112

(AI)

(A2)

(A3)

(A4)

where v can be either z or s.
The identities given below in eqns (A5)-(A28) are derived either directly or indirectly from Westmann[13] and

Sneddon[14] with the help of Erdelyi[15].

f~ el2 e-(zJO<~)J3/2W)d~=Y 1 {- zt(c2+Z2 +t2)Nze +[(c2+Z2)2 +t2(2t2+3z2- 3c2)]Mz.} (A5)
o 1/'t3/2Q~e

f~ ~'12 e-(zJO(~C)J3/2W)d~ =Y :/2Ql {- 2tNze Hz2- t2)(C2+Z2 +t2)2 +4c2t2(2z2+t2)]
o 'TTl zc

+zMze [(c2+Z2 + t2)3 +4t2(Z2 +t2)2 - 4c2t2(3c2+2z2)]}

_ 1 {tN (_ c2+Z2 +t2)(C2+Z2 + t2- Q ) - zM (c2+Z2 +t2)(C2+Z2 +t2+Q )}2V1r (3/2 Q~c ZC zc zc zc

(A6)

f
~ 1

e /2 e-(zJMc)J3/2W) d~ = Y 3/2Q3 {tNze [(c2+Z2 +t2)(Z2 +t2)- 2c2t2]- zMze [(c2+Z2 +t2)2_ 6c2t2]}
o 1/'ct ze

f~ ~l/2e-(tJMc)J3/2Ut)d~= C {-2ztNze[(c2+z2+t2)(c2+z2_5t2)+8c2t2]
o y 1/'t3/2Q~c

+Mze[PzeQ;e - 2t2(C2+ Z2 + t2)(C2- 5z2+ t2)+8c2t4
]}

- y ~I [2ztNze(c2+z2+t2_Qze)-PzcMze(c2+z2+t2+Qze)]
2 1/'t 2Q~e

(A7)

(A8)

(A9)

(A10)
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{' ~JI%e-l<JMc)Jl!2W)d~ v' ~12 J (2ztNzc +P,,~c) (All)
~ ~t Qu

V 21~'Q5 {- tN.A(cZ", :2+ t~(C2- 5:2+ t~-4C2t2] +2zM.A(c2+Z2+ t2
)(C

2+ ,2_ 212)
'lTt zc

+2C 2t2
]} - if; ~f2 .. [P.cNzr(c

2+Z2 +t2
- Q.c) +2ztM.r(c 2+Z2 +P +0,,)] (AI2)

2 17'1 Q..

(AB)

(A14)

(AtS)

(A16)

(AI7)

(AIS)

(A19)

(A20)

(A2l)

(A22)

(A23)

(A24)

(A25)

(A26)

(A27)

(A28)

The identities given below in eqns (A29HA3S) are derived with the aid of Oberbettinger(IO].

(A29)

(A30)

(A31)

(A32)
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(A33)

(A34)

(A35)

where

(A36)

Eason et al. (16) provided some integral identities enabling the derivation of the following identities given in eqns
(A37HA48).

(A37)

(A48)

(A42)

(A43)

(A39)

(~ I {r-t2 -4h 2
}Jo ~ e-2'~JoW)JM') d~ = Nr[(t + ,)2 +4h2)112 (t _ ,f+4h2 E(II) +K(II)

(~ 2 -2'~ 2h {(r - t2)(7r + t2)+8h2(3r - t2- 2h2)
Jo ~ e JoW)JM') d~ Nr[(t + ,)2 +4h2)3/2[(t -,f+4h2) (t _ d +4h2 E(II)

-(r-t2-4h2)K(II)} (A3S)

f ee-2'~JoW)JM,) d~ = - Nr[(t + ,)2 +4h2)~I2[(t _ ,)2 +4h2)3 {[(r - t2)3(7r + t
2
)- 4h

2
(r - t

2
)(23,4 +74t

2
r - t

4
)

- 16h4(65,4 - 46t2r - 3t4)- 64h6(33r - 5t2)+512h 8)E(II)
- [(t - ,)2 +4h2)[(r - t2)3 - 48h2r(r - t2)- 16h4(11r - 3t2)+ 12Sh6)K(II)}

(~ 2h {t2+r+4h2 }Jo ~ e-2h~JMt)1M,)d~ = tNr[(t +d +4h2)112 (t _ r)2+4h2 E(II) - K(II) (A40)

(~t2 -2'~J(t)J(t)dt=- 1 {(t4_,4)(t2-r)+Sh2(t4-6t2r+,4)+16h4(t2+r) E(II)
Jo ~ e I ~t I~' ~ tNr[(t +,f+4h 2)J/2[(t _ ,)2 +4h 2) (t _ ,)2 +4h2

- [(t2 - r)2 + 4h 2(t2+ r»)K(II)} (A41)

f ee-2'~JMt)JM') d~ = - tNr[(t +d+4h;)~/2[(t _ d+4h2)3 ([3(t2 - r)2(t4+ 14t2r+ ,4)+4h2(t2+ r)(9t
4
- 50t2r+ 9,4)

+ 16h4(9t4-74t2r +9,4) + 192h6(t2 +r))E(II)
- [(t - ,)2 +4h2)[3(t2 +r)(t2 - r)2 +8h2(3t2- r)(t2 - 3r) +48h4(t2 + r))K(II)}

f ~ e-2~JoW)JO<~') d~ = 1I'[(t +d+4h2~t2[(t _ ,)2+4h2) E(II)

(~ 2 -2~ _ 2 { (l2- r f-Sh 2(t2+r)-48h4 4h2 }
Jo ~ e Jo<~IlJo<~') d~ - -; [(I + r)2 +4h2)3!2[(t _ ,)2 +4h1)2 E(II) +[(I + ,)2 +4h2)312[(1 _ r)2 +4h2) K(II) (A44)

f ~3e-2h~JoW)JO<~') d~ = 1I'[(t + ,)2 +4h2r%[(t _ ,f+4h2)3 {4[3(t4- ,4)(12 - r) +h2(13t4- 5St2r +13,4) - 4Oh4(t2 +r)

-176h6)E(II) - [(I - ,)2 +4h2)[3(t2- r)l - ShV +r) - SOh4)K(II)} (A45)

(~ -2'~J ], d _ 1 { t
2

- r - 4h
2

E K)}Jo ~e Mt) o<~,) ~- t1l'[(t+,)2+4h2)112 (t-d+4h2 (/1)+ (II (A46)

(~ 2 -2'~ 2h {(l2 - r)(7t2+r) +Sh 2(3t2- r - 2h2)
Jo ~ e JMt)JO<~r)d~ t1l'[(t + ,)2+4h2)3/2[(1 _ ,)2 +4h2) (I _ d+4h2 E(/I)

- (12 - r - 4h2)K(II)} (A47)

r~3 e-2~JMt)Jo<~') d~ = t1l'[(t +d +4h2)~I2[(1 _ ,)2 +4h2)3 {[(t2 - r)3(7t2+r) - 4h2(t2- r)(23t
4+74t2r - ,4)

-16h4(6St4- 46t2r - 3") - 64h6(33t1- Sr) +SI2h8]E(/I)
- [(t - ,)2 +4h2)[(t2 - r)3 _48h2t2(12 - r) -16h4(1lt2- 3r) +128h6)K(II))

where

[
4t, ]1/2

II = (t + ,)2+4h2 . (A49)

The following integral identities are reproduced here from Ref. [IS) to facilitate the determination of the singular
behavior at the upper end of shell and rod:

i~ (lX~:2) sin (ax) dx = ~ 11' sec GS1I') sinh a + ~ f(s) sinG71'S )[e-· ei
(1-.)" 'Y(I- s, - a) - e·'Y(I- s, a») (MO)



where
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(A5!)

(A52)

(A53)

(A54)


